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a b s t r a c t
Unlike the real case, for each q power of a prime it is possible to injectively project the
quadric Veronesean of PG(5, q) into a solid or even a plane. Here a finite analogue of the
Roman surface of J. Steiner is described. Such an analogue arises from an embedding σ of
PG(2, q) into PG(3, q)mapping any line onto a non-singular conic. Its image PG(2, q)σ has
a nucleus, say Tσ , arising from three points of PG(2, q3) forming an orbit of the Frobenius
collineation.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
In [7], the investigation of linear partial spreads, that is, partial spreads whose lines are characterized by linear equations
in their Grassmann coordinates, leads tomaps from PG(2, q) to PG(n, q) (the n-dimensional projective space of order q) such
that the image of any line is a non-singular conic. Suppose that PG(2, q) and PG(n, q) are subspaces of a common projective
space. Assume that σ : PG(2, q) → PG(n, q) maps any line onto a non-singular conic, and is parametrically described by
second-degree polynomials. If ℓ is a line in PG(2, q), such that ℓ ∩ ⟨ℓσ ⟩ = ∅, then the set of all lines in the form PPσ with
P ∈ ℓ is a linear partial spread. In some cases, when P ranges on the whole PG(2, q) a larger linear partial spread arises. Any
map σ with the described properties is a composition of the Veronese embedding and a projection between complementary
subspaces. As a consequence of the results in Sections 5 and 6, it is always possible to construct it for n ≥ 2.
The Steiner surfaces are projections of the quadric Veronesean V2 ⊆ PG(5, F), F a field, to solids (i.e. three-dimensional
subspaces). To construct them, take a line rσ which does not intersectV2. The composition of the Veronese embedding with
the projection from the vertex rσ onto a complementary solid is a Steiner map. Its image is a Steiner surface. When F is the
real field or the complex field, the line rσ intersects the primalM34 , which is the union of all planes intersecting V in conics,
in a point of PG(5, F). So, a bisecant line to the quadric Veronesean exists which intersects rσ . As a result, in this classical
case, no Steiner map can be one-to-one. The related background will be briefly described in Section 2.
In Section 3, some general properties of the Steiner maps are described. Assume that a line in PG(5, F) exists whose
intersections withM34 are not rational over F . By composing the Veronese embedding with the projection onto a solid Sσ
having as vertex that line, a one-to-one Steiner map σ is obtained. In this case σ is called a non-singular Steiner embedding.
By the well-known properties of the Veronese embedding, any line is mapped by σ onto a non-singular conic. Moreover,
the preimage of any plane in Sσ is a conic, possibly singular. Pencils of planes are related to pencils of conics.
The best known real Steiner surface is the quartic Roman surface. There are three points of the real projective plane having
the same image, giving rise to a triple point of the Roman surface. In Sections 4 and 5, some non-singular Steiner embeddings
σ : PG(2, q)→ PG(3, q) are built which are somewhat similar to the Roman surface. More precisely, in Section 4 an explicit
parametrization is given for q ≡ 1(mod 3), whereas in Section 5 a construction is described holding for any q power of a
prime. Let σ denote the extension of such a σ to the projective plane coordinatized by the algebraic closure of Fq. The image
of σ is a fourth-degree surface, and like the Roman surface has a triple point Tσ . Such a Tσ corresponds to three distinct
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points in PG(2, q3), forming an orbit of the Frobenius collineation. Therefore, this point is image of no point of the initial
projective plane PG(2, q). The map σ , meant again as a map having PG(2, q) as domain, is injective. Since Tσ is a triple point,
any line of PG(3, q) going through Tσ contains exactly one further point of that Roman-like surface.
The construction above relies on the fact that for any power q of a prime, there is a plane of PG(5, q) that does not intersect
the primalM34 in PG(5, q). Therefore, a bijection f of PG(2, q) onto itself exists with the following properties: Both f and its
inverse f −1 map lines onto non-singular conics; for every flag (A,m) (that is an incident point-line pair) in PG(2, q), a unique
line ℓ exists such thatm is tangent to ℓf at A. This is pointed out in Section 6.
2. Notation and background
Let F be a field, and V be an (n+ 1)-dimensional vector space over F . The n-dimensional projective space associated with
V is the set P(V ) having as points the 1-subspaces of V :
P(V ) = {Fx | x ∈ V , x ≠ 0}.
The subspaces of P(V ) are the point sets P(W )withW a subspace of the vector space V . If n is a natural number, PG(n, F) =
P(F n+1) is the n-dimensional projective space over F .
Throughout this paper, q denotes an integer which is a positive power of a prime, and Fq is the field of order q. The
n-dimensional projective space over Fq is also denoted by PG(n, q).
Let L be a field containing F = Fq. In this case PG(n, q) has to be considered as a subset of PG(n, L), by identifying the
points Fx and Lx for any x ∈ F n+1, x ≠ 0. The points of PG(n, L)which are also points of PG(n, q) are said to be rational over
Fq. For any point of PG(n, L), say X = L(x0, x1, . . . , xn), define Xq = L(xq0, xq1, . . . , xqn). Assume that L is algebraically closed, or
a finite field. Then themap (−)q is a collineation of PG(n, L), called Frobenius collineation. The fixed points of such a Frobenius
collineation are precisely the points of PG(n, q). A subspace S of PG(n, L) is called a subspace of PG(n, q) if there exists a set
of points of PG(n, q) spanning S. It should be noted that, adopting the previous definition, each one- or higher-dimensional
subspace of PG(n, q) contains points that are not points of PG(n, q) itself. Some proofs in this paper will rely on the following
characterization of the subspaces of PG(n, q), that can be found e.g. in [6].
Proposition 2.1. Let F = Fq be a subfield of a field L, and n be a positive integer. A subspace S of PG(n, L) is a subspace of
PG(n, q) if, and only if, Sq = S.
If f0, f1, . . . , fr are linearly independent second-degree homogeneous polynomials in F [x0, x1, x2], the set of all conics of
type
V (λ0f0 + λ1f1 + · · · + λr fr),
with λ0, λ1, . . . , λr ∈ F not all zero, is called an r-dimensional net of conics of PG(2, F). A 1-dimensional net of conics is a
pencil of conics.
The Veronese embedding of PG(2, F) is denoted by ν : PG(2, F) → PG(5, F). Most of the following basic properties of
ν can be found in [5]. The image under ν of the point having homogeneous coordinates x0, x1, x2, has coordinates (yij),
0 ≤ i ≤ j ≤ 2, defined by yij = xixj. As regards their order, it will be assumed
y0 = y00, y1 = y11, y2 = y22, y3 = y12, y4 = y02, y5 = y01. (2.1)
For a coordinate-free definition see [4]. The image of ν is the quadric Veronesean im ν = V2. This is an algebraic variety,
which can be obtained as an intersection of the quadrics of PG(5, F) determined by the following equations:
yiiyjj − y2ij = 0 for 0 ≤ i < j ≤ 2,
yijyih − yiiyjh = 0 for (i, j, h) a permutation of (0, 1, 2), (2.2)
where it is assumed yst = yts for s, t = 0, 1, 2.
As is well known, if ℓ is a line in PG(2, F), then ℓν is a non-singular conic in PG(5, F). The plane ⟨ℓν⟩ will be called the
conic plane related to ℓ. IfH is a hyperplane of PG(5, F), then (H∩V2)ν−1 is a conic of PG(2, F). This gives rise to a one-to-one
correspondence between conics in PG(2, F) and hyperplanes in PG(5, F). An r-dimensional net of conics of PG(2, F), sayR,
is related to the set of all hyperplanes containing a (4− r)-subspace of PG(5, F), which will be called the support ofR and
denoted by v(R).
The union of the conic planes of V2 is a primal, denoted byM34 . Such a primal is the union of all bisecants and tangents
of V2. With respect to (2.1), the equation ofM34 is
y0y1y2 + 2y3y4y5 − y0y23 − y1y24 − y2y25 = 0. (2.3)
IfU denotes the union of all bisecants of V2, thenU ⊆ M34 . The setM34 \ U consists of all nuclei of the conics on V2. So,
when the characteristic of F is not two,U =M34 holds.
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3. Steiner embeddings
In this section F is any field, and F is its algebraic closure.
Let rσ be a line of PG(5, F) that does not intersect V2 in PG(5, F), and let Sσ be a solid of PG(5, F) skew with rσ . A map
σ : PG(2, F)→ Sσ arises which is defined by
Aσ = (Aν ∨ rσ ) ∩ Sσ , for A ∈ PG(2, F). (3.1)
The solid Sσ is not essential to the definition of σ , which will be called the Steiner map associated with rσ . Its image im σ is
the Steiner surface associated with rσ . Classical Steiner surfaces are broadly covered in the literature [1,3,9,11,12].
Denote by ν the extension of ν to PG(2, F). The map σ can be extended to a map σ by defining Aσ = (Aν ∨ rσ ) ∩ Sσ for
each A in PG(2, F) such that Aν ∉ rσ .
The following result is proved for future reference.
Proposition 3.1. Let F = Fq. Assume that rσ is a line of PG(5, F) that does not intersect V2 in PG(5, F). If rσ ∩ im ν ≠ ∅, then
rσ lies on a conic plane related to a line of PG(2, F).
Proof. Let X be a point of rσ ∩ im ν. This X is not rational over F . As recalled in the previous section, im ν is the intersection
of six quadrics with coefficients in F . At least one of such quadrics, say Q, does not contain rσ . Since X ∈ rσ , the line rσ is
exterior to Q in PG(5, F), and a quadratic extension, say F+, of the field F exists such that X is rational over F+. Both the
quadric Veronesean im ν and rσ are fixed by the Frobenius collineation (−)q, so Xq ∈ im ν∩ rσ . A point A in PG(2, F+) exists
such that Aν = X , hence both X and (Aq)ν = Xq belong to rσ . Therefore, the conic plane related to the line AAq, which is a
line of PG(2, F), contains rσ . 
Proposition 3.2. Let rσ be a line of PG(5, F) that does not intersect U (the union of all bisecants to V2) in PG(5, F). Then the
Steiner map related to rσ is one-to-one.
Proof. If Aσ = Bσ for A ≠ B in PG(2, F), then Aν ∨ rσ = Bν ∨ rσ . The line AνBν is a bisecant to V2 and lies on the plane
Aν ∨ rσ . Therefore rσ ∩ AνBν is a point of PG(5, F) and belongs toU, a contradiction. 
Now assume the stronger condition that rσ does not intersect M34 in PG(5, F). In this case σ is called a non-singular
Steiner embedding. Also, Sσ can be identified with PG(3, F); so, σ is an embedding of PG(2, F) into PG(3, F). The image
im σ = PG(2, F)σ is a non-singular Steiner surface. SinceM34 is a cubic primal, the real and complex projective planes do not
admit non-singular Steiner embeddings. By Proposition 3.1, if F is a finite field, then σ is a Steiner map, i.e. its domain is
PG(2, F). However, this σ is not a non-singular Steiner embedding.
Proposition 3.3. Let σ be a Steiner map of PG(2, F) in PG(3, F). Then the following hold: (i) to any plane ε of PG(3, F) there
corresponds a conic (ε ∩ im σ)σ−1 of PG(2, F); (ii) for any line ℓ of PG(3, F), the set of all conics (ε ∩ im σ)σ−1 , where ε is a
plane of PG(3, F) containing ℓ, is a pencil of conics of PG(2, F); (iii) the set of all conics (ε ∩ im σ)σ−1 , where ε is a plane of
PG(3, F), is a three-dimensional net of conics; (iv) if σ is a non-singular Steiner embedding, then any line of PG(2, F) is mapped
onto a non-singular conic in PG(3, F).
Proposition 3.4. Let σ be a non-singular Steiner embedding of PG(2, F) into PG(3, F), with F a finite field. For any line ℓ of
PG(3, F), at most four distinct points in PG(2, F) exist whose images under σ belong to ℓ.
Proof. As it has been noticed, σ is a Steinermap. This allows to apply Proposition 3.3(i) to σ . Taking into account two distinct
planes of PG(3, F) through ℓ, the intersection ℓ∩ im σ corresponds to the intersection of two distinct conics of PG(2, F), say
C1 and C2.
Assume |C1∩C2| > 4 in PG(2, F). Then C1 and C2 share a linem as a common component. If two singular distinct conics
with coefficients in the finite field F have a common line in PG(2, F), this line must be a subspace of PG(2, F). Thereforemσ
is a non-singular conic, and intersects ℓ in at most two points. This is a contradiction. 
4. Roman embedding
In this section it is assumed that q ≡ 1(mod 3), and α is a non-cube in F = Fq. Define
rσ = P⟨(α, 0, 0, 1, 0, 0), (0, 1, 0, 0, 1, 0)⟩, (4.1)
Sσ = P⟨(1, 0, 0, 0, 0, 0), (0, 1, 0, 0, 0, 0), (0, 0, 1, 0, 0, 0), (0, 0, 0, 0, 0, 1)⟩. (4.2)
Taking into account (2.3), no intersection of rσ withM34 is in PG(5, q). The related non-singular Steiner embedding σ will be
called Roman embedding, whose image is the Roman surface. The solid Sσ is identified with PG(3, q) by taking y0, y1, y2 and
y5 as homogeneous coordinates. So, σ is a map from PG(2, q) to PG(3, q). The relation F(x0, x1, x2)σ = F(t0, t1, t2, t3) holds
if, and only if,
t0 : t1 : t2 : t3 = x20 − αx1x2 : x21 − x0x2 : x22 : x0x1. (4.3)
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Let F be the algebraic closure of F . As in the previous section, let σ denote the extension of σ to PG(2, F). This σ is a Steiner
map and is described by the same Eqs. (4.3). The following result can be checked with the help of Proposition 2.1.
Proposition 4.1. Let ρ be an element of F such that ρ3 = α. Define Θ0 = F(ρ2, ρ, 1) and Θi = Θqi0 for i = 1, 2. Then
the following hold: (i) the points Θ0, Θ1, Θ2 are distinct, and Θ
q
2 = Θ0; (ii) the point Θi is not a point of PG(2, q) for
i = 0, 1, 2; (iii) the point Tσ = F(0, 0, 1, α) of PG(3, q) satisfies
Tσ = Θσi , i = 0, 1, 2. (4.4)
Proposition 4.2. Any line of PG(3, q) through Tσ intersects im σ in precisely one point.
Proof. As a consequence of Propositions 3.4 and 4.1(iii), any line of PG(3, q) through Tσ intersects im σ in at most one point.
The assertion follows by considering that |im σ | = q2 + q+ 1. 
The following equation for im σ ∪ {Tσ } can be checked by elementary methods:
t43 − t30 t2 − α2t31 t2 − α3t32 t3 − 3αt2t33 + t20 t21 + 3α2t22 t23 + α2t0t1t22 − 2t0t1t23 + αt0t1t2t3 = 0. (4.5)
5. Alternative construction
In this section the following is assumed:
F = Fq ⊆ F+ = Fq3 , Σ = PG(2, q), Σ+ = PG(2, q3).
Let y0, y1, y2 be three F-linearly independent elements of F+. Define
Θ0 = F+(y0, y1, y2); Θi = Θqi0 for i = 1, 2. (5.1)
Proposition 5.1. (i) The pointsΘ0,Θ1, andΘ2 are not collinear, andΘ
q
2 = Θ0; (ii) each side of the triangleΘ0Θ1Θ2 is a line
containing no point of Σ ; (iii) the point Θi does not belong to any line of Σ , i = 0, 1, 2.
Proof. Three elements of F+, say x0, x1, and x2, are F-linearly dependent if, and only if,
x0 x1 x2
xq0 x
q
1 x
q
2
xq
2
0 x
q2
1 x
q2
2
 = 0.
This implies (i).
As regards (ii), assume that a point A ofΣ belongs e.g. to the lineΘ0Θ1. The condition A = Aq implies then that A belongs
to all sides of the triangle, a contradiction.
The argument for (iii) is the dual one of (ii). 
Proposition 5.2. For any two distinct points of Σ , say A1 and A2, there is exactly one conic of Σ which contains A1, A2,Θ0,Θ1
andΘ2. Such a conic is non-singular.
Proof. By Proposition 5.1 those five points form an arc. So, a unique conic V (f ) in Σ+ exists containing them, and V (f ) is
non-singular. Assume
f =
−
0≤h≤k≤2
ahkxhxk, ahk ∈ F+, 0 ≤ h ≤ k ≤ 2,
and define
f q =
−
0≤h≤k≤2
aqhkxhxk.
The conic V (f q) contains the same five points, so V (f q) = V (f ). This implies that θ ∈ F+ exists such that θ f is a polynomial
with coefficients in F . 
Proposition 5.3. Let R be the set of all conics of Σ containing Θ0,Θ1 andΘ2. ThenR is a two-dimensional net of conics. Any
conic inR is non-singular.
Proposition 5.4. The v-support of a two-dimensional net of non-singular conics of PG(2, q) is a plane of PG(5, q) that does not
intersect M34 in PG(5, q).
Proof. LetR be a two-dimensional net of non-singular conics of PG(2, q). Then its v-support v(R) is a plane of PG(5, q).
Assume that v(R) intersectsM34 in a point of PG(5, q). Then v(R) has a common point with a conic plane, say ε, related
to a line ℓ ofΣ . Hence v(R)∨ ε is contained in a hyperplane of PG(5, q), corresponding via ν to a conic C ∈ R. Such a conic
contains ℓ, so it is singular. This is a contradiction.
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Theorem 5.5. Let R be the net of conics defined in Proposition 5.3. Consider a line rσ of PG(5, q) contained in v(R), a solid Sσ
of PG(5, q) skew with rσ , and let σ be the related non-singular Steiner embedding. Define Tσ = v(R) ∩ Sσ . Then the following
hold: (i) Tσ = Θσi , for i = 0, 1, 2; (ii) any line of PG(3, q) through Tσ intersects im σ in exactly one point.
Proof. (i) As it has been remarked, the domain of σ is PG(2, F). Then the assertion follows fromΘνi ∈ v(R) for i = 0, 1, 2.
(ii) This can be proved as in Proposition 4.2. 
6. Nets of non-singular conics
By Proposition 5.4, for any q power of a prime there is a plane π of PG(5, q) that does not intersectM34 in PG(5, q). This
is equivalent to the existence of a two-dimensional net of non-singular conics, as pointed out in Propositions 5.4 and 6.1
below. Two-dimensional nets of conics have been classified in [10] for q odd. For q even a similar classification was done
in [2], where it is seemingly stated that nets of non-singular conics only exist for q ≡ 1(mod 3). The construction in Section 5
gives a net for any q, though. For instance, for q = 2, setting y0 = ωi, i = 0, 1, 2, with ω a root of x3+ x+ 1, gives rise to the
net containing
V (x20 + x0x1 + x1x2), V (x21 + x0x2), V (x22 + x0x1 + x0x2).
The related discriminant is the following cubic form having no point rational over F2:
∆ = x3 + y3 + z3 + x2y+ x2z + y2z + xyz.
Proposition 6.1. To each plane π of PG(5, q) that does not intersectM34 in PG(5, q) a one-to-one map f : PG(2, q)→ PG(2, q)
can be related such that (i) for any line ℓ in PG(2, q), both ℓf and ℓf
−1
are non-singular conics; (ii) the set S of all conics of type
ℓf
−1
is a two-dimensional net of conics; (iii) for any two distinct points of PG(2, q) there is exactly one conic of S containing
them, and any two distinct conics of S meet at precisely one point of PG(2, q); (iv) for any flag (A, ℓ) in PG(2, q), there is exactly
one conic in S which is tangent to ℓ at A.
Proof. Let ε a plane in PG(5, q), skewwith π . Such a plane will be thought as a copy of PG(2, q). Define f : PG(2, q)→ ε by
Af = (Aν ∨ π) ∩ ε.
Since π does not meet any bisecant to V2 in PG(5, q), the map f is one-to-one.
(i) Each conic plane is skew with π . So, ℓf is a non-singular conic for any line ℓ in PG(2, q). The inverse map satisfies
ℓf
−1 = ((ℓ ∨ π) ∩ V2)ν−1 . (6.1)
Since ℓ ∨ π is a hyperplane in PG(5, q), so ℓf−1 is a conic. Such a conic contains exactly q+ 1 points of PG(2, q), so it is
either a non-singular conic or a double line. The latter case cannot occur because f maps lines onto arcs.
(ii) By (6.1), S is the net of conics determined by v(S) = π .
(iii) The set S is bijective to the set of lines of PG(2, q), so this assertion follows from the axioms of a projective plane.
(iv) Let C1, C2 be two conics of S through A. Denote by ℓi the tangent to Ci at A, i = 1, 2. If ℓ1 = ℓ2, then there is a conic
C in the pencil determined by C1 and C2 which has ℓ1 as a component. The fact of S being a net implies C ∈ S, a
contradiction. So, ℓ1 ≠ ℓ2, and the q+ 1 conics of S through A all have distinct tangents at A. 
Remarks. (1) Let A ∈ PG(2, q). The set of all tangent lines at Aν to the conics ℓν , where ℓ is a line of PG(2, q) through A, is
a pencil [5]. The plane on which the pencil lies is skew withM34 . This implies that Proposition 6.1(iv) also holds for the
set S′ of conics of type ℓf .
(2) In [8] a double plane is defined to be a bijection f : π → π ′ between two projective planes, such that both f and f −1
map lines onto arcs. If π is a finite projective plane of order q, this yields a 2 − (q2 + q + 1, q + 1, 2)-design. So, by
Proposition 6.1, a double plane arises for any q.
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